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INTRODUCTION

In this review, we consider some aspects of con-
formal invariance in elementary particle physics. The
theory of conformal invariance began to attract partic-
ular attention after the discovery of scaling' in process-
es of deep inelastic interaction between leptons and had-
rons, although it had already been used much earlier in
some theoretical calculations.?® As early as 1963,
Markov® had pointed out for the first time that the total
cross sections for inelastic interaction of neutrinos with
nucleons could have pointlike behavior. In the mean-
while this idea has been brilliantly confirmed by various
experiments.

The important part played by scale transformations
in deep inelastic processes was pointed out by Bogolyu-
bov, who emphasized that the form factors of these pro-
cesses have a behavior very similar to the behavior of
similarity solutions in the problem of a strong “point”
explosion in classical gas dynamics and hydrodynamics.
On the basis of this analogy, Matveev, Muradyan, and
Tavkhelidze' formulated a similarity (self-similarity)
principle, according to which scale invariance is a uni-
versal model -independent property of all deep inelastic
processes that is governed by the laws of physical sim-
ilitude and dimensional analysis.

Baldin'! considered the applicability of scale invari-
ance to the description of relativistic nuclei and pre-
dicted the effect of cumulative particle production,?

It has been shown'®"™® that in renormalizable theories
with no derivatives in the interaction scale invariance
(in conjunction with relativistic invariance) entails in-
variance under a larger group of transformations, the
conformal group. From the algebraic point of view, the
conformal group is interesting in that it is an extension
of the Poincaré algebra to an orthogonal algebra of
higher dimension. As a symmetry group of space-time,
the conformal group is the most general group that
leaves the light cone invariant. Moreover, as Ogievet-
sky'®+!" has shown, the action of the general covariance
group can be reduced to repeated applications of two of
its subgroups, namely, the special linear group SL(4, R)
and the conformal group. He has also shown that the
gravitational field is associated with joint nonlinear
realizations of dynamical conformal symmetry and dyn-
amical affine symmetry.

Many interesting ideas in quantum field theory, and
also many new directions in the physics of strong inter-
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actions, have been formulated and studied by means of
the conformal group. The requirement of conformal in-
variance has made it possible to determine almost
uniquely the two- and three-point correlation func-
tions.'®2! To find many-point (z>4) Green’s functions,
Mack and Todorov®?'23 have formulated a “skeleton”
diagram technique that is free of ultravioletdivergences.

It is obvious that scale invariance cannot be satisfied
exactly because of the discrete nature of the particle
mass spectrum. The use of scale invariance in high
energy physics is justified by the fact that when the en-
ergy of all the particles is much greater than their
masses the latter can be taken to be zero with sufficient
accuracy. That particles have masses indicates a
strong breaking of scale invariance in reality. This
means that the currents corresponding to a scale trans-
formation or special conformal transformation cannot
be conserved. The nature of the breaking of the scale
and conformal invariances is manifested in the expres-
sions for the divergences of these currents.

Finally, we may point out that the assumption of scale
(conformal) symmetry is a fruitful physical idea and
that the search for correct ways for breaking this sym-
metry could play a heuristic role in the construction of
better theories. -

1. THE CONFORMAL GROUP

The conformal group is a 15-parameter continuous
group of space-time transformations that include:

(a) the inhomogeneous Lorentz transformations

Ty =Aizy+ 0, (8" ARAT = g"); (1)
(b) the scale transformation
u=px, (p=>0); 2)

(c) the special conformal transformation
zp = (2u + cuz®(1 + 2ex + c%2?). (3)
We denote the generators of these transformations by
My, Py, D, and K, respectively. They satisfy the
commutation relations

[Mysr M po) = (8uoM vp+ BuoM s — ZuoM o — ol o) (4)
[Myy, Py]l=1i (gvppu—guppv); (5)
[Py P =0; (6)
[Myy, D] = 0; (7)
[Myy, Kol =1 (gvpKy— guoKy)i (B)
[Py, D)= —iP,; (9)

[Py, Kol = —2i (gueD + M) (10)
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D, K,1= —iK,; (11)
[Kzn I\’-\-] = 0 (12)
Introducing the antisymmetric operators J,; (4, B
=0,1,2, 3,5, 6):
Jiw=My; Jyo=(Pu—K,)/2
Juo=Pu+ K,)i% Jg= —D, (13)

we can combine the commutation rules (4)-(12):

[Jam Jepl=1(gard sc+ Ercd ap—Gacd np— &5 ac)s (14)

where
£4p = digg(t ———:—+).

Thus, the conformal algebra is isomorphic to the or-
thogonal algebra O(4, 2). The conformal group can
therefore be regarded as a group of pseudorotations in
a six-dimensional space.

We now consider transformations of fields under con-
formal transformations. From (1)-(3) we see that the
point x =0 remains unchanged under homogeneous Lor-
entz transformations, the scale transformation, and the
special conformal transformation—these transforma-
tions form the little group of the conformal group. Giv-
en any representation of this little group, one can de-
termine the complete action of the generators of the
conformal group on the field ¢(x). This is achieved by
the method of the theory of induced representatlons as
follows, 324

Suppose that
1M e (0)) = — (E8q (0))us (15)
(D, ¢u (0)] = — (A% (0))as (18)
(K,, S )] = — ("¢ (0))a, (17

where Z,, A, and k, are matrices satisfying the same
commutation relations as M ,,, D, andK,. We are in-
terested in finding the rules for the commutators

[7, @ (x)] of elements J of the conformal algebra and
the field operator ¢ ,(x). We choose a basis in the space
of indices a such that the translation operator P, does
not affect the indices, i.e.,

exp (iaP) ¢z (x) exp (—iaP) = ¢y (x +a). (18)
Using (18), we can write

I/, @ ()] =exp (iP2) [J', 9. (0)] exp (—iPa), (19)
where

J' =exp(—iPz) J exp (iPxz). (20)

Using the commutation relations (5), (6), (9), and
(10), we find

M= M+ 2,Py—2,Py; (21)
D' =D—aPy; (22)
K“ﬁﬂ —2z,D + 220, 4 25,2° P, — 22P,. (23)
As a result,

[Myy, P (2)] = — {2 1 (2,0, — 2,0} 5 (2); (24)
[D, 9a (2)] = —{A® —iz"a,}f qq (2); (25)

[Ku' P (2)]
= — (K +i (22,2%0, — 220, — 212" 2 + 2z, ADNE qp (= (26)

We shall restrict ourselves here to considering only
finite-dimensional representations of the little group
for which k,=0. This will be sufficient for a number of
physical applications. There are besides these repre-
sentations other finite-dimensional representations, for
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which k,#0, but they are nilpotent, i.e., k=0 for some
1ntegra.1 n, and there are also flmte-dlmensmnal repre-
sentations,

From the commutation relations for =, A, and ky
we see that if the matrices T, form an 1rreduc1b1e rep-
resentation of the algebra of the homogeneous Lorentz
group, then for k,=0 the matrix A is proportional to the
unit matrix, and we can then set

a(@) e ”w: (27)
l, is called the scale dimension of the field ¢. The re-
lations (25) and (26) now take the form
(D, @ (&)l =i (lg—20,) p (2); (28)
(K @ (2)] =i (22,290, — x20, — 2ix* %) —2102,) ¢ (2). (29)

In particular, from (28) we obtain an expression for a
finite scale transformation:

exp (—iaD) ¢ (z) exp (iaD) = p~'vg (pz), p=exp (a). (30)
Note also the relation '
exp (—iaD) P?exp (iaD) = p2P2, (31)

which follows from (9) and which shows that if a state A
has mass m ,, then exp(iaD)|A) will be a state with
mass pm 4. Thus, exact scale invariance has the con-
sequence that the eigenvalues of the mass operator are
either zero or form a continuum.

2. COORDINATE INVERSION TRANSFORMATION

To study conformal invariance, it is much more con-
venient to use the (discrete) coordinate inversion oper-
ator

Rry= —ux,/z? (32)
than the operator of the special conformal transforma-

tion (3). It is readily verified that
RM R = M,; (33)
RP,R=K,; ‘ (34)
RDR= —D. (35)

These relations show that covariance (invariance) with
respect to the Poincaré algebra and the scale and R
transformations together entail covariance (invariance)
with respect to the conformal algebra.

We shall seek the law of transformation of the field
operator under the coordinate inversion R in the general
form?

CiR) ¢ (1) U1 () = (3o 57 (2) @ (— 223, (36)
where S(x) is a matrix that can be determined from the
property

RE—1 37)
of the R transformation and from the connection between
this transformation and the transformations (33)-(35) of
the conformal group. Using (37), we obtain

S(r) & (—a/z?)=1. (33)
The relation (35) together with (30) gives
S (1) §(—pr/at)=1. (39)

Equations (38) and (39) together show that S(x) is a ho-
mogeneous matrix of zeroth degree:

S(pz)=5(z), p>0. (40)
Further, using (34), (18), and (26), we can derive the
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equation

(1 4 c2a2+ 2cz)'e S (z) S (— /22 —¢) ¢ ([2 + ex?)/[1 4 2ex +c22?])

= @ () — ot {23,290, — 220, — 2z, — 22" E ) 9 (2) 4 ... . (41)

Comparing the terms of first order in ¢ on both sides of
the equation, we obtain

S (—a/2%) 8,8 (z) = 2i (z¥/2?) Zpy. (42)
Thig equation together with the conditions (38) and (40)
enables us to determine the matrix S(x) completely and,

therefore, the field transformation law as well, Let us
consider some specific cases.

For a spinless field, Z,=0, and Eqgs. (38), (40), and
(42) give (to within a phase factor) S(x)=1. Thus,
U (Ry @ (z) U™t (R) =8, ()0 ¢ (Rz), 18]=1. (43)

For a spinor field i(x), we seek S(x) in the following
general form, which satisfies the conditions of Lorentz
covariance and the homogeneity condition (40):

8§ (z)=a - bz/(z)'";
where a and b are constants.
From Eq. (38), a*-b?=1; Eq. (42) with I,

=(i/4)y,,v,] is satisfied only for a=0. Therefore, we
have

U (R) ¥ (2) U™ (R) = By ()% [#/(z%)"")  (Rz), | 8y|=1.
For a vector field V,(x), we seek S(x) in the form
8 (z)y =aby, + bz,zv/aE,
Equation (38) leads to the relations a®=1, 2ab +5°=0,

and Eq. (42) with (Z,,)5 =4 (g,,07 - £,,0,) gives ab
=-2,2a+b=0. Therefore,

U(R)Vyu(z) U™ (R)

(44)

I == I,v",

(45)

=8y (2%)'V (8} — 2z,2¥/2%) Vy (Ra), [8v|=1. (46)
For the Rarita-Schwinger field §,(x), proceeding
similarly, we obtain
U (R) % () U™ (R) =8, (29)'" (8}, — 22,2%/2%)
X (x/(2%)"2) Py (R2), |6y|=1. (47)

The generalization for a field of arbitrary spin is now
obvious. For a tensor operator of nth rank we have
U (R) Ay, . yn (@) UL (R) =8, (2) 4 (81 — 22, 2%/2%)
oo (BN —22,,2%0/52) Ay, vn (RE), |84|=1. (48)
3. COVARIANT TWO-POINT AND THREE-POINT
FUNCTIONS

As already mentioned in the Introduction, the require-
ment of conformal invariance has made it possible to
determine almost uniquely the two- and three-point cor-
relation functions. In this section, on the basis of the R
transformation law, we derive general expressions for
these functions.

We consider first the two point function of symmetric
and traceless tensor operators A ..., (x) and B,.... ,,e(y)
with dimensions 7, and 15, respectivef . We denote

G:}f..npv.. ..vq (z, y) =01 Ay, ,j,lpf.x) BV.. v ()1 0). (49)
The condition of scale invariance requires that [see
(1.30)]

G::,B Ve vg WAT, ry)= ;\-!A“Bééf. JHpVy.. Vg (z, ¥) (50)

and the condition of R invariance requires that
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-1 =1
Gﬁ;a Vi BpVieaavg (Rx.R,V) = (Iz) N (yz) b1

X M (2 ... M@REM G - M @G . vy (B1)
[see (48); the phase factors are omitted].
Here, we have used the notation
M (2) = 8% — 2x,20/22, (52)

To find the general form of the solution of Egs. (50)
and (51), we begin with the identities

(Rz— Ry)2 = (z— y)¥z*—y% (53)
R(Rz— Ry)y= —2*M (O} Rz —v)w+ 7 (54)
M (2)yt M (20 Bugy = Buimtiy (55)
M (@) M (y)¥ Myew (z—y) = My, (Rz— Ry), (56)

which follow directly from the definitions (32) and (52).
Finally, we have

G‘,}f_ oy, (s y) = 6;@61__1!80‘43 [(x— y)3]=“

k7 (p— k) '
% ?(-—1) L pl (ﬁ,}s‘,}gul"l o Bigp iy

(57)

x gvl\'z Ve gvzk-lvzhﬂf (x“y)"‘z.’nlvzm-l e M (I_y)"p"q’

where k takes integral values from zero to p/2; S,
and S, denote symmetrization with respect to all in-
dices | and v separately. It can be seen that the num-
ber of terms which occur here is [ p!(2% — 1)11/(2k)1]?
X[1/(p -2k)]. 1t is also easy to show®' that if A, ...,
or By,...,, is a conserved operator, i.e., if

ﬁvaw.. Lavg T Gv

then this function can be nonzero only for ! ;= —(p +2).

auAu.u,. D "up =0 or

In the simplest case when A and B are scalar oper-
ators,

62 (z, y) = (0] A (2) B(1)]0) = 8 1,6*” [ — 4. (58)
The two-point function of spinor fields:
(6" E— e =(0|¥a () %" ()]0 (59)
satisfies the equations
6% (hz, Ag) =AY 56 (x, ), (60)
¥ (Rz, Ry) = (%) () *[#/(@) 16 @ ) 00DV (61)
and therefore has the form
¥ (z, y) = b 16" [tz — )1 * (E— W) l(z— W12 (62)
We have used the identity
K (e—p) H/(R/z = R)). (63)
We now consider the three-point function
GAZD s i it By B
= (0] Ap,...up D) By,...vq () Chr..0r 1 0). (64)
It satisfies the equations
GAHC v cvgon. . .or (A2, Ay, AZ)
S R o R (T (65)
Giffc.'.ppv,. . .vqpy. ..or (Az, Ry, Rz)
= (@) ) T M @ M (20
XM @A M@V M @ M @G . iop. oy (66)

Using again the identities (53)-(56), we can find the
general expression for the three-point function
GE.. 4y - vg pr-epy%s 9, 2) Of all irreducible sym-
metric traceless tensor operators.? In particular, for
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scalar and conserved irreducible tensor operators only
three-point functions of the following types can have a
nonvanishing value:
(0] A(2) Bly) € (3) | 0) = G2 [z — gy “a o702
—gy)atlemlare Uz— ) ctaiaV2, (67)
{04, (z) By(y) C (2)| O
=G [e— 1 ly— 2 I
—2P1" " [R(z—p) - R(z—2)lu [R (y—2)— R (y—2)], (68)
for I ,=lg=1po=-3;

(01 Au(z) By (y) C, (2)| 0
=Gz —y) (=2 e — 2 [RG—y)— R@— )l [ (y —2)

—Ry—a)[REz—2)—R(—p)], (69)
tor 1, =ly=1,~-8:
(0] 4y,...up (2) B(5) C (2) | 0)

=GA3L‘Z (—;:)“ (P k)! =0 - u+h)[(y z)z]'a*‘“'"
k

X [(s— )t 55“, “rr Bugy_ g [R(Z—Y)

—R(z—2)ls,,, .- [Rz—y)—R(z—2)),, (70)
for [ ,=—(p+2),15=1.. Here, k takes integral values
from zero to /2, and the number of terms in S
plU(2R)I(p-2R)1]7 2R - 1)1 L,

Similarly, one can find a three-point function that
contains spinor operators:

(G2 oz D)o

() 18

= (0] 4 () B® () Cy,... 0 (2) | 0). (71)

In particular, we have
014 @) ¥ () Ju (@) |0 =[—y)]
X =271 (= 2P {IR e —2) — Rz — )l

- (2 +3)/2

(z—3) (1—3) —
(2= y—2p* (z—:}*)’f‘]+g o= =

=¥
x [g w—yr T

}(72)
for the conserved vector current J, and l,"= -3 and

O1$@) ¥ @) ¢ (2)]0)

=[(z—y)=1”'“’""’*”” (w—24*" 1G—2"*"
' (z—3) (1—3)
% {g (r—”z =HE ((z—y)* (y—2)* (z—z))}/2 } (73)

for the scalar operator ¢.

4. DIMENSIONAL PROPERTIES OF THE ENERGY-
MOMENTUM TENSOR

For every given Lagrangian there exists the canoni-
cal energy-momentum tensor

I = %‘u“pau‘l"— gond, (74)
where

1, =019 (3"¢),
by means of which one can form the generators of Poin-

caré transformations using the canonical equal-time
commutation relations:

P, = { dxTiy; (75)
M= | dsofly, s (76)

where
ol p; v =&, Tpv— &yTpp—1i %} pZueP (77)
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is the angular momentum tensor.

In the framework of the canonical formalism, we also
find the scale and conformal currents whose spatial in-
tegrals of the time components realize the generators of
the scale and conformal transformations, respectively,
They are'®

Iy= % Ly —z°Ths (78)

Hon = 22,27, — 22T, — N 1, (2ir¥Z,, + ez, @ (79)
We go over from the canonical energy-momentum
tensor to the symmetric Belifante tensor, which has the
form
T o= Do 4 8

(80)

fui po= ';“ E {“usap’F —ﬁpsw@— ﬂuzpa‘F}-

@

The Belifante tensor T'5 has the same conservation
property as T¢,, and the spatial integral of 7'}, is
equal to the spatial integral of T'5, and can therefore
also serve as translation generator. In addition, the
tensor

dflf “vsruT‘?\‘—-- .r‘,Tf,L (81)

formed from it has all the properties inherent in the
angular momentum tensor.

Further, as was shown by Callan, Coleman, and
Jackiw,?® the energy-momentum tensor can be rede-
fined in such a way that the scale and conformal cur-
rents can be readily expressed in terms of it, A suf-
ficient condition for this is that 3} , (1,7, ¢ +in},¢) be
expressible as the divergence of some second-rank
tensor 4,

_“ Ty HAZyg) = — " Auv. (82)
It was found that®s
Buv = Tiv+ 8P Xnpu/2, (83)

where

Xopuw = grodiv— Bandiv— Eavdiip (84)
+ guvAly — (guvBro -+ Erugov) A °/3;

A:w is the symmetric part of the tensor Ay
Al = (Ayy+ 4,.)/2. (85)

This new tensor 6, is called the improved energy-mo-

mentum tensor.

It is readily seen that the expressions

Fp= —2YB,,; {86)

& ou = (22,7, — £un %) 65 (87
have the properties

[ axg, (@)= [ axgi @) . (88)

S dx5h gy (z) = ; dast iy (z); (89)

D, =D, — — 0 (90)

PR = B, = 22,08 (91)

and can therefore serve as scale and conformal cur-
rents. In addition, their divergences are proportional
to the trace of the improved energy-momentum tensor
Bﬁ, so that the nature of the breaking of the scale and
conformal invariance is determined by the behavior of
this tensor. The hope that scale (conformal) symmetry
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is a useful approximate symmetry takes the form that
6% should be a “small” operator whose matrix elements
vanish at high energies,

As regards the angular momentum tensor, we can

express it in a form analogous to
ol yv = 285y — 28y (92)

The condition (92) holds in many models, and it is
usually assumed that it is satisfied. It is also assumed
that for the theory of gravitation the energy-momentum
tensor is to be chosen such that the scale and conformal
currents be expressible in terms of it in accordance
with Eqgs. (86) and (87) and the angular momentum ten-
sor similarly in terms of (92).

Note that the energy-momentum tensor 6, can be
called improved in a further aspect—its matrix ele-
ments are finite in any order of renormalized pertur-
bation theory,2® i.e., they do not depend on the cutoff in
the limit of large cutoff. ‘

We give one further expression for the matrix ele-
ments of 6, that will be needed in what follows. We
shall use the normalization

(AP, )| 4 (py )= (21)* (Po/As) 8 (P'—P) B, (93)
where ), is equal to 1/2 if A is a boson particle, and
m 4 if A is a fermion particle; « and @’ are other quan-

tum numbers in addition to the momentum, It follows
from this normalization that
{A(p, a4 |06y (0) | A (p, @)y = L= §yqer, (94)

Aa
Differentiating with respect to p; the equation
(p'—p)" {(A(p, @) | By (0) | A (p, @)) =0, (95)
which follows from the condition of conservation of the
tensor 6,,, and setting p’ =p, we obtain, using (94),

(A, @) |8y (0)] 4 (P, @)= T4 B

(96)

This shows, in particular, that the matrix elements of
the components of §,; for the state of any particle at
rest are zero. In addition,

2mY, for A a boson;

(A, @) 6 ()] A (p, o =B | (97)

m,, forA afermion.

Because particles have masses, the Hamiltonian den-
sity cannot have a definite scale invariance, and in the
best case one can expect the Hamiltonian to consist of
several parts with different dimensions. The determin-
ation of these dimensions is of great importance, es-
pecially when one is studying the consequences of bro-
ken scale and chiral invariance considered together (see
See. 7).

If a component of g, has adefinite scale dimension [,

this means that the following commutation relation holds:

[D (x), Ouy ()] = — i Ly — 2P8p) By (98)

On the other hand, it can be seen from (86) that the
commutator on the left-hand side of (98) can be cal-
culated if the equal-time commutators [6,,(x), 6,,(y)]
are determined up to the Schwinger terms of first order.

From general considerations, we can write

0
]

(Buv (), Oap (¥))zo=ve = r"\=—D Fop; uv, kyv o ohe () o Y8 (x—¥),

(99)

where F . 2, ---5, are certain operator structure
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functions. The terms on the right-hand side of (99) cor-
responding to the values ¥=1,2, ..., are called Schwin-
ger terms of first, second, etc., order. Using the laws
of Lorentz transformations, we can obtain relations for
these structure functions, which lead to the relations®

90 (2), Bog (y)]== — 100 (3) 8 (x—y)—2i0u (4) 0*6 (x—y)+...;  (100)
[Bo0 (), B0 (¥)] = — 108,; (y) & (x—y)

—i0;n (y) 86 (x —¥) 4 i00s () 08 (x—¥) + .. -5 (101)
(801 (%), Bog (y)] = — 10;009 () & (x —¥)

—i8:n (4) 88 (x—¥) + 1000 () 9B (x—Y) + - . -3 (102)
[0 (), Bo; (4)] = — 1840, (y) 8 (x —¥)

+-i8p; (y) 9,6 (x — ¥) +i6y; (y) 9,6 (x — ) LI (103)

where %,=Vq; £,7,..- =1,2,3,...; and the ellipsis de-
notes Schwinger terms of second and higher orders.

To find [8,,(x), 8;,(y)] we proceed similarly. We pro-
ceed from the commutators (100)-(103), using the Ja-
cobi identities written for the three operators
[dx x*6,,(0, %), 6,;(0) and M;.

It follows from (100)-(103) that

(2 (x0), Boy (2)] == —1 (—4—2%dy) Oy, (2)— igunm: (2). (104)
This equation shows that ,, does not have a definite
scale dimension. If it is represented in the form

00(2) = oo (2) + X s () + 6 (2), (105)

where 8, has dimension four, u; has scale dimension
l,, and ¥ is some ¢ number, then

[0 (o), Ogg ()] == — 1 (— 4 —z1d,) Oy

i X (G L) g — 4IE () — 1240, € (7). (106)
It follows from (104) and (106) that
O (0) =2 (4-+ 1)) u; (2) +4€ (2) - 24 (). (107)
which at the point x =0 gives
Bl (0) = ) (4 1) u; (0) +4€ (0). (108)

This is the theorem of Ref. 28,

From the expressions (86), (87), and (92) for the con-
formal currents and from the commutation relations
(100)-(103) we obtain by direct calculation the commu-
tators of the corresponding charges:

(i (@)l = =i [ dx(guory—gwn) 5 @ (109)
[elyvs Fp (20)] =1 (gupP'u— EuoPEv)

+2i J[' dx (guoTv— gvoTy) T,00; (1 10)

[Py T (26)] = —i ss,,+ig,.,,j‘dxeg (z); (111)

[Py, Hy(20)) = —2i (g (x0) + oMl yv) — 2iguoTo 5 dx 63 (); (112)

(Z (o), 9 (o)) = —i5Fs (20) + g | A0 () (113)

(98 (20, 3Fs ()] = 21 § dx (ruguo—mug) 3 (2). (114)

These relations are identical with the original rela-
tions (7)-(12) only in the limit -0, when _@”(x) and
5{0" (x) can be assumed to be conserved, as one would
expect.

5. MASS FORM FACTOR AND MASS RADIUS OF
THE PION

If it is assumed that the energy-momentum tensor 6,
is the source of the gravitational field, one can draw
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conclusions about the distribution of mass within a par-
ticle by studying the matrix elements between its states.
The resulting form factors are called the mass (or
gravitational) form factors.

In the framework of the theory of conformal invari-
ance, using the properties of the energy-momentum
tensor, one can estimate the pion mass radius, which
is proportional to the derivative of the corresponding
mass form factor at £=0. For this, we use a method
based on the conformal Ward identities and PCAC. The
latter is used to derive a low energy theorem for a ma-
trix element with soft pion, by analogy with the current-
algebra method.

We consider the chronological product of the scale
and the conformal currents and the fields ¢,(x):
T{D,(%) 93(x,)* + - @,(x,)} and T{H;, (%) @,(x,) - - - 0, (x,)} .
On the basis of the field transformation laws (28) and
(29), using the standard technique, from the expres-
sions (86) and (87) we obtain?®

OB (p. o, Pni 0)

=—i} (1,+4+p;'

i‘. -:(W.---'t‘n)(p“ B S H (115)
B ap;
i=t 7
o1{®1- - .onb)
= (Bi; veiipai K
oK™ (P P ) k40
i i a A a2
=— 411 — j ———
.g {@+1n o T B e
4 ¥ @ —
— 7 PuO(P) +iZd o} 10 (py, . ), (116)

where 7 denotes the Fourier transforms of the vacuum
expectation values of the corresponding chronological
products:

T(w"..w") (pl.’ ey pﬂ)= t]‘ dﬁI' W d‘xﬂ

xexp[iz p,x,:l (O] T {1 (z1) - .. @n(2a)}|0); (117)
p=1
1= POk (py, ooy Pas K)
= 5 dizy ... d'x, d*zexp [i (2 Pj-rj+k.z)]
j
X (O] Ty (1) -- - Ba (22) 04 (2} | O). (L18y

Using the translational invariance, we can transform
(115) and (116) to the more convenient form

n=1

T, R (Fl' crey Ppegy ™ E P})
n=1 =1
= =il td@=0+3 (1,455 55) ]
j=1 t]
XI‘N"”%){D‘- Y . H (119)
-1
Grie- - - ®nfl)
e (p,. oy Dy —2 p,-—ft‘) L=u
n-1 it
i Y s LI, W
==L {(’E rle) aplt Pi ap} ap¥
— 5 B0 (P IS G} T ™ (s oy ) (120)
where we have introduced the notation
T (b o, P f &z, ... 2y
n-1
X exp |—i 2 Pj-rfJ o|T {®1(21) -+« Py (Tny) 90 (0)} [0} (121)
e
| R (P 3 dizy ... d'z,exp [i » pj::,]
=1
XAOIT {9 (1) - .. Pn(za) 0} (0)}]| 0. (122)
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In particular, for n=2 and ¢, =¢}=¢ Egs. (119)-(123)
make it possible to relate the 8p¢* vertex to the cor-
responding Feynman propagator

Br(p)= [ dzexp (ip2) (O] T o (=) ¢* (01} | 0) (123)
and obtain
reee® (P—P)=—i[21w+4+P"’%]EF () (124)
T @e+8) . 5 ]
P *P)L,=p—1{(4+l¢),;pz
v @ 1 . a1~
+P* = PO () HZR ) e (0). (125)

These expressions will be used to study the mass form
factor of the pion, to which we now turn.

The pion mass form factor is defined as the matrix
element of §) between the single-pion states:

{(n* () |93(0) | 2 (p)) =B (p% p'% 1), t=(p'—p)- (126)
We consider first the (noncovariant) Green’s function

(P p'% 1) =—(p2—mi) (p*—ma) | did}exp i (pz—p'y)]

x 0] T {9 () ¢ (v) 6l (0)}]0), (127)

where ¢ is the field operator of the 7° meson. The ma-
trix element (126) is obtained from (127) by replacing
the noncovariant chronological product by the covariant
T* function, which is constructed by the method set
forth in Ref. 30. For this, we need the equal-time com-
mutation relations between 6, and ¢. It can be shown
that®®

T* (@ (x) 9 (1) OF (2)) = T {0 () () O} (2)}

+ilT {9 (2) @ (9)} 69 (z—z) 4 8% (z—p)]. (128)
Thus, 6(p? p'% t) and T(p? p'% t) are related by
8% PHO=T(% p'% 1)
— il (p* — m3) (p'2— mz) (BF (p) + Br (p)]- (129)
It follows, in particular, that on the mass shell
8 (m3, m3; t) =T (m3, m3; ). (130)

The identity (124), applied to the Green’s function
(127), gives

T(p% P 0) =1 (P—mi) [ 2+ 4+ p"ﬁy] Ar (p)- (131)
Using the K#1lén—Lehmann representation for A (p):

Ar (p) =i 5 da’p (a®)/(p*—a®--ie); p(a?) =0 (a2—m3) 40 (a?);

o(a)=(21° X 6 (p,—a)[(0]¢(0)|m)P2, (132)
we rewrite (131) in the form
+ | et @ = e ) (=), (133)
(3m_)
As p*=m? and p>~0, we find from this
T (m3, m3; 0):-2mi; (134)
T 0 0)=2mi(l+[t4mi | der 2] (135)

I 2
lm__‘)

Note that the result (134) can also be obtained directly
from (130) since on the mass shell [see (97)]
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(% (p) |0 1 (p)) = 2m3.
We now apply the identity (125). From (122) and (127),

Sriest)
ap'*

(2 —P")

p'=p

9 2 '3,
=Pu Py aT(p*. P'%0)
=" T(p % 0)— ek S
(pt—ma)? (p‘ P ) (p’l—m:‘;)‘ up'*

(136)

pr=p

Equations (125), (131), and (136) together give
2 (% 2% O,
—i(p—md) (P —md) [(4+10) T+ P e =T O ()]

+2p, (2o + 4427 3 5) Br (0)- (137

Hence, using the representation (132) and making some
simple transformations, we obtain

E—- 2. —a_?‘ ! 2.
I En )|, = % P50,

= (pr—m3) | dat 2 (@ —m) (1= 1) PP — (3 +- ) 2]

—(1+1g) (PP—a??). (138)
The right-hand equality in (138) follows from the prop-
erty of crossing symmetry. In particular, as p*-m3
and p?-0,

T, ., T 2,
Ez(mm p2 0) lp==m;=§;(pz. m; 0) ]p'=m§= —(lg+1); (139)
ar ! _or . -
w0 7 O] =gp e 60,
= — (g +1) — @lo+ 4y m | da> 2
+(3+1¢)m55da=%§"). (140)

We now estimate the mean square radius of the pion,
which is determined by the derivative of the mass form
factor at £=0:

Taib=0" (m2, mk, 0)/0(m3, mi; 0)
=17 (m%, m%; 0)/T (m3, m3; 0). (141)
The second equality in (141) follows from (130).

We consider the matrix element
: E daxexp (ipx) 0 (xg) (P (9} | 1/iks (2), Box (0112 ('),

where P(g) is a proton with momentum g, and J¢; is the
third isotropic component of the axial current. By the
standard method using the reduction technique and
PCAC:

S mifx
My, = l’* T

we arrive at the inequality

5 (PO ()0 O P @)

ut

= — | dzexpliz (' —) 8 )P (| B (2), TS ONP (). (142)
Using the equal-time commutators®

1600 (%), Tha (8)]xymye = — 10°T8a (4) 8 (x — ¥) — iJia (1) 38 (x—¥);

[80: (), Toa (W)]egmy, = — 10380 (1) 6 (x—7) (143)

— 5 il T8 (1) 98 (x—)

and ignoring the second-order Schwinger terms, we find
that
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L2 P @ (1) |80 (0)| P (D=1 (P ()| 947 (O)| Pa)
i

—im% ¢ (P (g)| 9O P @)

vz = @[ ex O P @D | (144)

Ve L@*PIwO1P@)

0
=500

=5 U, +3) (¢ — ) P@TE O P@).

Assuming that the dimension I% of the current takes a
value close to the canonical value, i.e., I ,oz_s, from
(144) we obtain

(P@ (P00 0PN =80 = x P@ 1P, (145)

e
where 74 is the source of the 7°-meson field: (Om7) ¢
=14 We now separate the total term with respect to ¢
in the matrix element (P(g) 1°(p)|6,,(0)|P(¢')). In dia-
grammatic language, this means

AT N

= lagg 4.

1{5\%}

It is readily seen that
L PO P

p=x

(P () |16 (0) | P (")) (2% (p) | Bou (O] (@' — D} - - s

1

—t-mi

(146)

where the ellipsis stands for terms that do not contain
poles as t=m?2. It follows from (145) and (146) that

{7 (p)| B0 (0) | 7 (&' — D)} g — gyomm2 = EouMre (147)
Equation (147) can be used to calculate 8(0,m2;m2%). In-
deed, the matrix element (1°(p)|8,,(0)|7(p’)) has the
form

(n® (P} | Buv (0) | 0° (P")) = €1y

+ coPuPy + eskyuky + o (Pukty+ FyPy),
where P=(p" +p)/2,k=(p’ -p), ¢; are form factors that
depend on the variables p* and p’?,t=k% and
c;=c,(p%, p'% 1),

Comparing (148) and (147), we obtain

(148)

. (0, m;;’_m}hm.‘—.; Al b } (149)
ez (0; m%; m3)/4+cs (0, mi; mi) 4, (0, mk; my)=0.
It follows from (148) and (149) that
(0, mk; m%)=4m%. (150)
This relation together with (129) gives
T (0, m%; mi)=(4+1q) ma. (151)

Now, using the expansion formula for T(p? p'? ¢) at the
point p? =pi?=m?%, t,=0 for p*=0,p'* =m7, t=m7:
T (0, m%; m%)="T (m&, mg; 0)

" . 3,
_m;"T (Fa.pm.'t. 0)

aT mf'. m?',l
Ama B o my),

pf=my

and using (134), (139), and (151), we obtain

90 (m%, m¥; t) _ar (m3, mi;

i )| =) |.=D —1+0(m3) (152)
and therefore
ré ~ 3/mi. (153)

Suppose the axial currents J ;:‘u(x) have definite behavi-
or under the scale transformation, i.e.,
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1D (o), T ()] = —i (L ~2°3y) T . (154)

From (154), we can readily derive the corresponding
transformation law for the charge:

D (o), @ (z0)] = —1i(ls,,+3) Q2 (zo)
+izp S dx 3"1,‘,‘,;
Q2 (zo) = f dxJ i (2).

(155)

Differentiating both sides of Eq. (155) with respect to
the time, we obtain

(D(0), Q2 (0)1+(D(0), G2 (O)] ,
= —i(ly,,+3)02 (0)+i S dx *J 4, (0, x). (156)
Substituting here the expression

i S dx ol (z); Q2 (z) = j dx I (z),

and using the PCAC hypothesis, we rewrite this in the
form

- 5 dx [8}f (), Q2 (0)

xp=0
=l \=0 dx(l,—ly, — 2= o] 4. (2) - (157)

We take the matrix element of both sides of Eq. (157)
between the single-particle states of the 7 meson and o
meson. Then after some simple transformations on the
right-hand side, we obtain

—{ axto @105 ), Q2 (01|75 (o)
im2/ ’
= “1},—2("»4-1.1:.7 1) (21)36(‘1*9)__(,;:@@
X0 (@) (0) | 4 (P)- (158)
It is interesting to note that the rms radius of the pion
obtained in this way is appreeiably greater than the rms
electromagnetic radius: (2)*2=47Z,.

6. THE omm VERTEX

From the behavior of the current under a scale trans-
formation we can draw conclusions about the nature of
the matrix elements of the corresponding physical pro-
cesses. We show here how, proceeding from the scale
transformation law for the current, we can obtain an
expression for the g7 coupling constant.®® Expanding
the matrix element on the left-hand side of Eq. (158)
with respect to a complete set of intermediate states,
we obtain

{ axto (@165 ), Q2 )1 ]7s (P
= 3 22 (8 (a— ) (0 (@) [0} (O) [ m)

X (m] Q3 (0)] 7, (p))— 8 (P— Pm)

X (0()] Q2 (0) [ m) (m | 8 (O) | 7, (P)))- (159)
For the further calculation of this expression, we shall
assume that (o, 7) transforms in accordance with the
representation (3,3) of the chiral 5U(2)x SU(2) group:
(160)
and that in the sum on the right-hand side of Eq. (159)
the contribution from the lowest possible single-parti-

cle state is dominant, namely, that only the state | )
=|¢) makes a significant contribution to the first term,

(02, ] = —i68,,; [Qd, 0] = in,
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and only the state |m) =|m) to the second term. Then

— [ dxto (@) 10} (0), @2 O ()

= 21 (2n)*8 (p—q) 8, (mG — m3). (161)
Here, we have used Eq. (97). From (161) and (158), we
find

m?f

Ve (ls—15+1) m(ﬂ(fm Na (0) | 71, (P)}

= 28,4 (3 —m2).

(162)
We determine the coupling constant G .., by means of
the equation
{0 (¢) | na (0) | 71 (p)) = B0uGanx K (g — P)*), (163)
where K is some form factor with the normalization
K (m%)=1. (164)
Note that the coupling constant G, determined by (163)

is equal to the coupling constant G determined by means
of the effective on7 interaction Lagrangian:

gan = Goxa:2, (165)
Using (163), we rewrite Eq. (162) in the form
'zlf-'l . —=p) ] 2
r;k-ﬁ (‘:@_' EJ’o + 1) Gonz _fq(gp)zpl)m?‘ q=p= 2 (mﬂ —mﬂ)‘ (166)

We now go to the limit |p|~. Then from (166), we ob-
tain

2VE (m3 —m3)

Gon,;=——--—~———“¢u“zh+1”“x R (167)

1t is natural to assume that the form factor K(¢) changes
little as { varies. We can then set

K(0)~ K (m}) =1 (168)
and obtain the final expression
213 (m2 —m?
Bl T B T (169)

=l F)ia

If the dimensions [, o and I; have values near the can-
onical values, i.e., I, ==3 and /4 =-1, then form,
=700 MeV and f,~0.96m, Eq. (169) gives

Goamdn = 11,

(170)
where

Boan 8 Conn/ Nty

It is readily shown that the o -meson decay width can
be expressed in terms of the coupling constant as fol-
lows:

Fo=Ts.q-a+ Ty a0a.

- 3 1 i'/f 1— Am3

321 mg

o, (171)

mu

Substituting here the experimental value I' ;=400 MeV,
we obtain

iam i 104

(172)

Thus, (170) and (172) agree well with each other within
the experimental accuracy.

Equation (153) together with the value of G ., found
above can be used to estimate the gravitational coupling
constant of the o meson, which is determined by the
equation

K

(010, (O) |0 (K)) - 5 Famik (tw— =)

(173)

For this, we assume that
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0(t) = (x () |05 (O} | (PN jacpramyz =0 (mi, m3%; 1)

4

satisfies the once-subtracted dispersion relation

miini b i T
0 () =203+ - 5 dt h (174)
llm?t
Further, we assume that in the expression
Im 8 (¢) =+ 27)* 3} 64 (pu—p—P)
X {018k (0) | m) (n|n=(O) | (p)); ¢'=(p"+P)? (175)
we have ¢ dominance at small ¢’. Then
Tm 6 (¢') = 6 (' — m§) mgFoGonz (176)
and from (6.21) we obtain
8 (t) & 2m3 + FoGanat! (mE—1). (177)
It follows that
Fome G!:En fyﬂ-'%z 1.4 fn & Mg, (178)

7. CONNECTION BETWEEN SCALE INVARIANCE AND
CHIRAL INVARIANCE

Making a definite assumption about the behavior of the
Hamiltonian density under scale and chiral transforma-
tions, we can establish a connection between the conse-
quences of scale invariance and chiral invariance. As
examples, we can mention the sum rules for the spec-
tral functions,®*3 g

We consider the following propagators for the diver-
gence of the axial currents and for the trace of the en-

ergy-momentum tensor:
A, (p) = | dzexp(ipz) (0| T (9"Jila (2) 373 (O] O (179)
8o ()= { dzexp (ip2) (O] T (0 @) 8% (0)}0). (180)

The corresponding spectral functions p are expressed
in terms of them by means of the representation

A =i | datp @ (pP—a?+12). (181)
For p?=0,

A, (0) = —(0]1Q2 (0), 8*J4a (0)]]0); (182)

Ag (0) = (0| [D (0), 0% (0)}]0;. (183)

The right-hand side of (182) is completely determined
by the behavior of the Hamiltonian under chiral trans-
formations, since®

8° T4 =110g0, Q2. (184)

and the right-hand side of (183) is determined by the di-
mensions [, that occur in the decomposition
B0p = o

Ok =3 (U +4) 65, (185)

where 6 is the component with dimension 7,,.

The original variant® of the Gell-Mann—Oakes—Ren-
ner chiral Hamiltonian has been investigated on many
occasions. It has theform

Bgp = Bop B3 By = — (o cute),

(186)

where 8, is invariant under chiral transformations, and
u, and u, are the scalar components of the representa-
tion (3, 3) +(3, 3) of the chiral group, i.e.,
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[Qar up]=1ifanclte; [Car ko] =05
102, upl = —idyyev.—i ]/%5@%;
102, ul=—i} Zu;

[Qar Vo] = ifapeVes  [Qar 0ol =0;
[0, vyl =id“,,=uc+1]/ _% ¥t

102 vl =1}/ Zu,,

where f . and d,,, are constants which occur in the
commutators and anticommutators of the Gell-Mann
matrices®:
[7a/2, b2 = ifapcde/2;
(hf2y by 2y =dapedo/2+ 84 3.

Recently, however, some difficulties in the model
(186) have been noted, these being due, in particular,
to the absence of a component with isospin 2 in the so-
called ¢ term. In this connection, models are now con-
sidered in which terms from other representations are
added to 8),. Among these, the most appropriate model
seems to be the model® ¥ with

8= — (g + cug + gs)s (188)

where g, is the scalar compoent of the representation
(1,8) +(8,1), i.e.,

[Qay gp) =ifabcges [Qas hu) = ifanches
(02, 8ol =ifuches 103 kol =ifancges } (E)
and also the model®®:*® with
850 = — (Uo+cug + @), (190)
where
8 3
0= Zig—g 3 Zi—4Z0s (191)
i=1

a=1
behaves like a term of the 27-plet with T=Y =0 under
SU(3) transformations, and Z,, transforms in accord-
ance with the representation (8, 8) of the chiral group,
ie.,

[Qa! thi =i (fabu'zdc a5 fﬂcdzbd)i

[Q;‘s zfac] | (fubdzdcﬁfacdzbd)'

We consider the case when the part of the Hamiltonian
that breaks the chiral symmetry has the form (188).

Calculation in accordance with the expressions (182),
(184), and (187) gives

(192)

Ax(0) = —Y2EE 50|y V Zus | O (193)

A =2L2=¢ 0| — 2V Tuptus| )= i 0l 0. (194)

12

Suppose further that 500 can be represented as a sum of

terms 6" with dimensions [,, and that u and g also

have definite dimensions I, and I,. Then from (183)

and (185) we have

Do (1) = —i 2 1o (L&) (01857 0) L il (1, == 4) {0 | g cug | U
+ilg (L=4) (0] g5 0). (195)

We also use the equations

U”Boa!n) ’:0:(0“1:’:'0;"

which follow from the requirement that the vacuum be
Lorentz invariant.

Note that the 8$?’ must include at least one term with
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nonvanishing vacuum expectation value, since, as is
readily seen, we should otherwise have A4(0)=0. Of
interest are the following special cases, when from
(193)-(195) it is possible to obtain a relation between
A.(0), A,(0), and A,(0) and, therefore, a sum rule for
the spectral functions p,, p,, and Pg:

A. Allthe 7, in (193) are equal to 4, i.e., §,, pre-
serves simultaneously the chiral and the scale invari-
ance., Then

€+V?2) 40 (0)
" (In+-4) (lg+4) (1g—1n)
VIEViI-algtsi(+2V20—301—V2ol,
X2V 2—=6) @V 2+ D)An(0)+4(V2+¢) (1 — V Te) AR

(196)

B. Among the {2’ there is only one term, which we
denote by 6, with nonvanishing vacuum expectation val-
ue. Then

5 e (In—1s) (Ig—1s) (Lg—1n)
VDO = V22V I lg—(1+2 V3c)lo—3(1—V 20)In
X 12V Z—c) 2V Ze+ 1A (0)+4(V Z+) (1—V 2e) Ac (01 (197)

We now consider the case when the chiral symmetry
breaking part of the Hamiltonian has the form (190).
Calculation in accordance with Egs. (182), (184), and
(192) gives

82(0) = = YEE 01V Zua+ s | 00441 (0] 2 Zy—Zu[0);  (198)

A (0)= 2‘/12;° 1(0]1—2 V Zug+uq | 0)

Fi0[—Zyy+2Zi+ 3Zs | 0}, (199)

We have used here the equations
(Zido={Za)o = (Z33)0; (200)
(Zl,n)n =(Zss)o= {Ze's)o = (Z':':)u- R (201)

which follow from the isotropic invariance of the vac-
uum. Instead of (195), we now have :
Bo(0) = — i L (1+4) (00521 0) 4 il,, (1 +4) (0| g+ cus| 0)
+ il (L. +4){0] ¢ ]0). (202)

To deduce a relationship between A (0), A,(0), and
Ag(0) from (198), (199), and (202), we make the as-
sumption that in calculating (198), (199), and (202) we
can take the vacuum to be invariant under SU(3) trans-
formations. This is equivalent to ignoring in these
equations the corrections due to the noninvariance of
the vacuum under SU(3) transformations with respect to
the other terms which are present. We can then set

(Zido = (Zu)o = (Zaho=Z;
{ugho = 0

and rewrite these equations in the form

A (0) = — w i (todo—3-iZ; (203)
e (@)= —YVECVE=D) 0t biz; (204)
Ao (0) = —i X L, (1u+4) @80+ il (1, + 4) (o) (205)

For the same reason as above, the §’ must include at
least two terms with nonvanishing vacuum expectation
value, and also one term with dimension /#-4 with non-
vanishing vacuum expectation value.

A sum rule now exists in the following special cases:
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C. The 653’ include only one term, which we denote
by &, with dimension I5#-4, i.e., it has the form

000 =Boo + 8 — (ttoo + cits + @), (2086)

where 6, preserves simultaneously the chiral and the
scale invariance, and & preserves only the chiral in-
variance. Then

6

Sl

(lo—Iu) (1u +4) [3Ax (0) + Ak (0)). (207)
D. The 8§’ include only two terms, which we denote
by 8, and §,, with nonvanishing vacuum expectation val-

ue. We have
6
164+5 12 c (208)
Finally, we rewrite the results (196), (197), (207),
and (208) in the approximation of complete dominance,
i.e., for

'J'"(U) = (lﬁl - {u) ("u- e Ié:) [3A3 (O) + AK (0)]-

Pg (a®) = (Fom§)2 6 (a®— m3);

P (a%) & (Fam3/ V' 3)26 (a2 — m2); }

Pi (%) = (fxmk! V'2)? 6 (a* — m}),
where F; is the gravitational coupling constant of the ¢

meson, f,cosf and f,sind are the decay constants of
the 7 and K meson, and § is the Cabibbo angle.

(209)

We obtain, respectively,

(lu+4) (lg+4) (lg— )
VIQRVEI—ol—(1+2VZ)l—3(1—V3Ze)l,

x[5(2VZ—e) (2VZe+1) fims,

(V2+c) Fomi =

+2(V2+) (1 =V 2e) fomic | 5 (210)
5 g (La—15) (lg— 1) (lg—Lu)
Uty ViRV i—a)l,—(1+2VE)—3U—VZOl
x[5(@VT=c) (2 VZo—1) fima+2 (VT4 (1 —V/ To) fiemk | 5
= (211)
(16 +5 V' 2c) Fims =3 (ls—1,) (L +4) [3f2m& + fhmi]; (212)
(16 +5V2¢) Famg =3 (I, — L) (lu—Is,) [3fam% + fimi]. (213)

These results can be used to obtain information about
the dimensions of the terms in 6,, in any particular con-
sidered model.??
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